Abstract-Effect of cold electron beam for Whistler mode waves have been studied for relativistic and non-relativistic subtracted biMaxwellian distribution in the presence of perpendicular AC electric field to magnetic field by using the method of characteristic solutions and kinetic approach. The detailed derivation and calculations has been done for dispersion relation and growth rate for magnetosphere of Uranus. Parametric analysis has been done by changing plasma parameters: thermal velocity, ac frequency, temperature anisotropy, etc.. The effect of AC frequency on the Doppler shifting frequency and comparative study of relativistic and non-relativistic effect on growth rate are analyzed. The new results using subtracted biMaxwellian distribution function are found and discussed in relation to a bi-Maxwellian distribution function. It is seen that the effective parameters for the generation of Whistler mode wave are not only the temperature anisotropy but also the relativistic factor, AC field frequency, amplitude of subtracted distribution and width of the losscone distribution function which has been discussed in result and discussion section.
INTRODUCTION
The Voyager 2 encounter of Uranus in January 1986 provided the opportunity to observe yet another planetary magnetosphere and compare the plasma physical processes taking place there, to those occurring in magnetosphere of Earth, Jupiter and Saturn [1] . The presence of magnetic field at Uranus was not known until the Voyager's arrival. This offered a rich environment for the study of magnetospheric interactions. In addition to standard array of magnetosphere phenomena, ranging from upstream ion events to the bow shock and magnetospheric boundary structures, from an intense inner region of hard particles radiation, to a soft magneto tail plasma sheet, the magnetosphere of Uranus presents an unusual configuration with unique characteristics.
Observations revealed strong electromagnetic and electrostatic plasma turbulence and whistler mode emissions (chorus and hiss) in the inner magnetosphere of Uranus. It is known that whistler-mode waves are electromagnetic waves that propagate through the magnetosphere along the ambient magnetic field (as anisotropy in plasma is introduced by magnetic field) at frequencies below electron-cyclotron frequency and electron plasma frequency. Kurth [2] discussed how whistler mode emissions play a critical role in the dynamics of Uranian magnetosphere by controlling pitch angle scattering and loss of magnetically trapped radiation belt particles. Whistler mode instability in magnetosphere of Uranus was investigated by Tripathi and Singhal [3] using an anisotropic kappa loss-cone distribution. By analyzing electron pitchangle diffusion and energy diffusion coefficients, it was shown that electrons of energy above about 20 keV may be available to precipitate into planetary atmosphere.
In the study of whistler mode waves, it can be assumed that plasma consist of two species of electrons: hot and cold electrons. The hot electrons are responsible for wave amplification or damping and wave propagation is mainly determined by cold electrons with a density well above that of hot electrons [4] . Pandey et al. [5] worked on the effect of cold plasma injection on whistler mode instability separately for a bi-Maxwellian and a loss-cone background plasma with perpendicular AC electric field. They found that it is not the magnitude but the frequency of AC field that influences the growth rate of whistler mode waves in Uranian magnetosphere. It was also shown that loss-cone background plasma had a triggering effect on the growth rate, increasing the value of the real frequency and maximum growth rate by an order of magnitude.
The charged particles in ionosphere and magnetosphere exhibit anisotropic distribution in momentum space, which is suitable for cyclotron instability. This leads to growth in wave, so particle precipitate into the atmosphere. Singh et al. [6] evaluated the effect of thermal velocity of plasma particles on the energy of resonantly interacting energetic electrons with the propagating whistler mode waves as a function of wave frequency and L-value for the normal and disturbed magnetospheric conditions. It is also observed that some of the instabilities in magnetosphere are 'beam based'. The relativistic electron beam passing through plasma quickly creates a return current and the resulting system exhibits various linear electromagnetic instabilities. Such a system has been studied by Bret et al. [7] . They investigated the effects of both transverse and parallel beam and plasma temperatures on the linear stability of collective electromagnetic modes. Focus was on non relativistic temperatures and wave vector orientations ranging from two-stream to filament instabilities. Water bag distribution was used to model temperature effects and discussed their relevance. Bret et al. [8] systematically worked the electromagnetic instabilities in the whole k space for a cold relativistic beam interacting with transversely hot plasma. The electrostatic or longitudinal approximation captured only longitudinal modes and therefore failed to recover both Weibel and filamentation instabilities.
Using unperturbed Lorentzian (kappa) distribution in Earth's atmosphere, Pandey et al. [9] studied the effect of cold plasma beam on electromagnetic whistler wave for relativistic plasma. Cold plasma was described by a simple Maxwellian distribution. For relativistic back ground plasma, Lorentzian (kappa) distribution function was derived with temperature anisotropy in the presence of perpendicular AC electric field to form hot/warm background. The study concluded that along with other factors, relativistic plasma modified the growth rate and it also significantly shifted the wave band. This increase in growth rate and widening of bandwidth explained wide frequency range of whistler emissions in magnetoplasma.
Parallel propagating plasma waves in the vicinity of magnetosphere at very low frequencies have been studied by many workers. Using a series of 1-d simulations, the growth of whistler wave was studied by Zhang et al. [10] from an anisotropic electron beam of various electrostatic and electromagnetic wave modes at various propagation angles. Devine et al. [11] generalized oblique whistler mode instability in one and two dimensional simulation.
The study relevant to the analysis of ion conics in the presence of electromagnetic ion-cyclotron (EMIC) wave in the auroral acceleration region of the magnetoplasma was done by Ahirwar et al. [12] . Following particle aspect approach, the effect of parallel and perpendicular resonant energy and marginal stability of EMIC wave with general loss-cone distribution function in a low β homogeneous plasma has been stressed. It is assumed that resonant particles participate in energy exchange with waves, and non-resonant particles are responsible for oscillatory motion of the waves. This implies that the effect of parallel electric field with the general distribution function is to control the growth rate of EMIC waves, and the effect of steep loss-cone distribution was to enhance the growth rate and perpendicular heating of the ions.
Various authors have discussed electric field measurement at magnetospheric heights and shock regions giving the values of AC field along and perpendicular to Earth's magnetic field [13] [14] [15] . Studies have also been done on the role of parallel AC and DC electric fields on the whistler mode instability in the magnetosphere. The analysis was performed adopting plasma dispersion function which is based on anisotropic Maxwellian distribution to describe resonant population [16, 17] .
In the recent past, the instability of field-aligned whistler waves was studied by Pandey and Singh [18] , for subtracted bi-Maxwellian magnetoplasma in the presence of perpendicular AC electric field. Using characteristic solution and kinetic approach, it was inferred that, for the generation of whistler mode waves, along with temperature anisotropy, there were other important parameters too.
Motivated from the qualitative investigations done for Uranian magnetosphere and magnetosphere, the present work explains the effect of cold electron beam for Whistler mode waves for relativistic subtracted bi-Maxwellian distribution in the presence of perpendicular AC electric field by using the method of characteristic solutions and kinetic approach. The detailed derivation and calculations has been done for dispersion relation and growth rate for magnetosphere of Uranus. Parametric analysis has been done by changing plasma parameters: thermal velocity, ac frequency, temperature anisotropy, etc.. The effect of AC frequency on the Doppler shifting frequency and comparative study of relativistic and non-relativistic effect on growth rate are analyzed. The new results using subtracted bi-Maxwellian distribution function are found and discussed in connection to a biMaxwellian distribution. The comparative study of relativistic and non-relativistic plasma has been done in this paper. It is seen that the effective parameters for the generation of Whistler mode wave are not only the temperature anisotropy but also the relativistic factor, AC field frequency, amplitude of subtracted distribution and width of the loss-cone distribution function which has been discussed in result and discussion section.
DISPERSION RELATIONS AND GROWTH RATE
A homogeneous anisotropic collisionless plasma in the presence of an external magnetic field B o = B oêz and an electric field E ox = E o sin(υt)ê x is assumed. In interaction zone in homogeneity is assumed to be small. In order to obtain the particle trajectories perturbed distributions function and dispersion relation, the linearised VlasovMaxwell equations are used. Separating the equilibrium and nonequilibrium parts neglecting the higher order terms and following the techniques of Pandey and Singh [18] , linearized Vlasov equations are given as:
where the force
where υ is AC frequency and
where s denotes the type of electrons. Subscript '0' denotes the equilibrium values. The perturbed distribution function f 1 is determined by using the method of characteristic, which is
We have transformed the phase space coordinate system for (r, v, t) to (r 0 , v 0 , t − t ). The relativistic particle trajectories that have been obtained by solving Equation (3) for given external field configuration are
and the velocities are
P ⊥ and P z denote momenta perpendicular and parallel to the magnetic field. Using Equations (5), (6) and the Bessel identity and performing the time integration, following the technique and method of Pandey and Singh [18, 19] , the perturbed distribution function is found after some lengthy algebraic simplifications as:
Due to the phase factor the solution is possible when m = n. Here
and the Bessel function arguments are defined as
The conductivity tensor σ is found to be
By using these in the Maxwell's equations we get the dielectric tensor,
For parallel propagating whistler mode instability, the general dispersion relation reduces to
The dispersion relation for relativistic case with perpendicular AC electric field for g = o, p = 1, n = 1 is written as:
The subtracted bi-Maxwellian distribution function is given as
where p ⊥ and p || are perpendicular and parallel moment a for a temperature T. Substituting and using Equations (9), (10) and doing integration by parts the dispersion relation is found as,
where 
For real k and substituting
1. The expression for growth rate for real frequency ω r in dimensionless form is found to be
where
RESULTS AND DISCUSSION
Following plasma parameters have been adopted for the calculation of the growth rate for the loss-cone driven whistler instability in Uranian magnetosphere. Ambient magnet field B o = 2.4 × 10 −10 T, electron density n o = 5 × 10 4 m 3 and magnitude of AC electric field E o = 4 mV/m has been considered. Temperature anisotropy A T is supposed to vary from 1.25 to 1.75 and density ratio n c /n w is to vary from 10 to 30. Width and amplitude of loss-cone distribution function are taken to be 0.7, 0.8, 0.9 and 0.5, 0.6, 0.7 respectively. Also AC frequency varies from 6 Hz to 18 Hz. For relativistic study γ = 0.5 and for non-relativistic analysis γ = 1. Figure 1(a) shows the variation of relativistic dimensionless Growth Rate with respect tok for various values of ratio of perpendicular to parallel temperature T ⊥ /T ll and other fixed parameters as listed in figure caption. For T ⊥ /T ll = 1.25 the peak value appears atk = 1 and growth rate γ/ω c = 0.029 and for T ⊥ /T ll = 1.50, peak value comes atk = 0.9 and γ/ω c = 0.039. As ratio of perpendicular to parallel temperature T ⊥ /T ll increases to 1.75, peak shifts to lower valuek = 0.8 and γ/ω c = 0.042. Since it is seen that growth rate increases with increasing value of perpendicular to parallel temperature ratio T ⊥ /T ll , it can be said temperature anisotropy A T = T ⊥ /T ll − 1 is free energy source. Also bandwidth did change and maxima changes for lower value ofk. Thus we may conclude that in this case the injection of electron particles have a positive slope in v ⊥ . Fig. 1(b) shows the variation of non-relativistic dimensionless Growth Rate with respect tok for various values of ratio of perpendicular to parallel temperature. For T ⊥ /T ll = 1.25 the peak is seen atk = 1.1 and growth rate γ/ω c = 0.010 and for T ⊥ /T ll = 1.50, peak value is at k = 1 and γ/ω c = 0.014. For T ⊥ /T ll = 1.75, peak appears atk = 0.9 and γ/ω c = 0.017. Comparing the results of Fig. 1(a) with that of Fig. 1(b) , it is observed that order of growth of whistler mode wave is more in relativistic case than in non-relativistic case in relativistic case particles of background plasma have high energy. Figure 2(a) shows the variation of relativistic dimensionless Growth Rate with respect tok for various values of density ratio n c /n w at other plasma parameters being fixed and listed in caption. The figure shows that for different values of n c /n w the peak value appears at wave numberk = 0.9. For n c /n w = 10, 20 and 30, growth rate is γ/ω c = 0.027, 0.014, 0.009 respectively. It is seen that growth rate decreases with increasing value of ratio of cold beam particles to hot beam particles n c /n w by increasing the cold electron the whistler mode wave transmits more energy to cold plasma particles during their interaction. It indicates that the injected cold electron is not decaying to zero value through loss from the field aligned density gradient of the magnetosphere of Uranus. Fig. 2(b) shows the variation of non- Fig. 2(a) with that of Fig. 2(b) it is inferred that although order of growth of whistler mode wave is more in relativistic case than in non-relativistic case but in non-relativistic case, peak value of growth rate appears at higher wave number than in relativistic case. Figure 3(a) shows the variation of relativistic dimensionless Growth Rate with respect tok for various values of AC frequency υ at other plasma parameters being fixed and listed in figure caption. For υ = 6 Hz the peak value is observed atk = 0.9 and growth rate γ/ω c = 0.0289 and for υ = 12 Hz, peak value comes atk = 0.9 and γ/ω c = 0.0285. And as υ increases to 18 Hz, peak can be seen at k = 0.9 and γ/ω c = 0.0278. This implies that introducing the AC signal increases the growth rate and the bandwidth. As increase of AC frequency increases the growth rate due to negative exponential of Landau damping, this effect of increasing bandwidth with increasing AC field increases. AC frequency has a triggering effect on the growth rate. The Landau damping or instability is mainly caused due to exchange of energy among electron and component of the wave electric field parallel to external magnetic field. Also it can be seen that Doppler shift in frequency is not affected by the magnitude of the electric field, but only by its frequency. Fig. 3(b) shows the variation of non-relativistic dimensionless Growth Rate with respect tok for various values of AC electric field frequency. For υ = 6 Hz the peak appears atk = 1.1 and growth rate γ/ω c = 0.010 and for υ = 12 Hz, peak value is atk = 1 and γ/ω c = 0.014. For υ = 18 Hz, peak shifts to lower value ofk at 0.9 and γ/ω c = 0.017. Comparative study of Fig. 3(a) and Fig. 3 (b) reveals that order of growth of whistler mode wave is more in relativistic case than in non-relativistic case. It means that the subtracted distribution is more suitable in case of relativistic rather than non-relativistic. Figure 4 (a) shows the variation of relativistic dimensionless Growth Rate with respect tok for various values of width of loss-cone distribution function β at other plasma parameters being fixed and listed in the figure caption. The figure shows that for different values of β the peak value of dimensionless growth rate appears at wave number k = 0.9. For β = 0.7, 0.8 and 0.9, growth rate is γ/ω c = 0.027, 0.028, 0.029, respectively. It is seen that growth rate increases with increasing value of β. Mathematically if β ≥ 1 then the factor δ/1 − β is infinite or negative. Fig. 4(b) shows the variation of non-relativistic dimensionless Growth Rate with respect tok for various values of width of loss-cone distribution function width of loss-cone distribution function β. The figure explains that for β = 0.7, 0.8 and 0.9, peak values occur at k = 1. For different widths of loss-cone distribution function, the peak value remains same but growth rate varies slightly, i.e., γ/ω c = 0.0103, 0.0108, 0.011 respectively. Comparison between Fig. 4(a) and Fig. 4(b) show that although order of growth of whistler mode wave is larger in relativistic case than in non-relativistic case but in non-relativistic case, peak value of growth rate appears at higher wave number than in relativistic case. Figure 5 (a) shows the variation of relativistic dimensionless Growth Rate with respect tok for various values of amplitude of losscone distribution function δ at other plasma parameters being fixed and stated in figure caption. For δ = 0.5, 0.6 and 0.7, the peak value of growth rate appears at wave numberk = 0.9 for different values of δ and growth rate is γ/ω c = 0.027, 0.029, 0.031 respectively. It is seen that growth rate increases with increasing value of ratio of β. shows that although order of growth of whistler mode wave is larger in relativistic case than in non-relativistic case but in non-relativistic case, peak value of growth rate appears at higher wave number than in relativistic case. 
CONCLUSION
It is concluded from the above illustrations that the growth rate increases with increasing value of perpendicular to parallel temperature ratio implying that temperature anisotropy is free energy source. Since maxima changes for lower value ofk it can be said that injection of electron particles have a positive slope in v ⊥ . It is noticed that growth rate decreases with increasing value of ratio of cold beam particles to hot beam particles n c /n w . By increasing the cold electron the whistler mode wave transmits more energy to cold plasma particles during their interaction. The existence of such a situation may give rise to emissions over a broad frequency range and can be used to explain the entire frequency spectrum of VLF emissions. Introduction of AC signal increases the growth rate and the bandwidth. As increase of AC frequency increases the growth rate due to negative exponential of Landau damping, this effect of increasing bandwidth with increasing AC field increases. AC frequency has a triggering effect on the growth rate. Also it can be seen that Doppler shift in frequency is not affected by the magnitude of the electric field, but only by its frequency. Growth rate is also affected by the value of amplitude and width of loss-cone distribution function. It increases as the value of δ and β increases. Comparative study of relativistic and nonrelativistic cases reveals that order of growth of whistler mode wave is larger in relativistic case than in non-relativistic case whenever there is increase in perpendicular to parallel temperature ratio, AC frequency, amplitude and width of loss-cone distribution function. It means that the subtracted distribution is more suitable in case of relativistic rather than non-relativistic.
